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P(c), a well-known consequence of Martin’s .4xiom, implies that if X is a nonpseudocompact 
space with countable n-weight, then there is a point p in pX\X such that: (1) p is not in the 
closure of any nowhere dense subset of X (i.e., p is a remote point), (2) p is not simultaneously 
in the :‘ioblare of any twc disjoint open subsets of PX (i.e., PX is extremalfy disconnected at p), 
and (3) if X is locally con~~.a + then each intersection of fewer than c neighborhoods of p in 
pX\X is again a neighborhood of p (i.e., p is a P,-point). 
The construction of such points depends on the fact that P(c) is equivalent to the proposition 
that if X is an> noncompact realcompact locally compact space with countable T-weight, then 
each nonen+ty intersection of fewer than c open subsets of pX\X has a nonempty interior. The 
condition on the n-weight is essential: There is a noncompact a-compact (hence realcompact) 
!ocally compact separable space M such that each point of PM\M is contained in an intersection 
of w, open sets. which has empty interior. M has the remarkable property that PM\ M and /3N\N 
are homeomorphic under CH, the Continuum Hypothesis, but not under P(c) + 1CH. 
P(c) also implies that if X is a noncompact realcompact locally compact space with countable 
T-weight, then each point of pX\X is simultaneously in the closure of c pairwise disjoint open 
subsets of pX\X (i.e., is a c-point of @X\X). Finally, if J:pQ+/3W is the (unique) continuous 
map such that /‘I 02 = ido, then P(c) implies the existence of a subset E of plR\R with cardinaliry 
2’, such thatf’[{x}J is a one-point set for each x E E (hencef t (Q ufc[ E 3) it; a homeomorphism). 
tech-Stone compactification 
extremely disconnected 
Martin’s Axiom 
Conventions and definitions 
All spaces are understood to be completely regular 7’,-spaces. X* denotes pX\X. 
N is the space of positive integers, Q is the space of rationals and IR is the space of 
reals. A r-base for a space X is a family 23 of nonempty open subsets of X such 
that each nonempty open subset of X contains a member of 93; the m-weight of X, 
T(X), is the smallest cardinal of a w-base for X. The cardinal functions weight, w, 
density, d, and cellularity (or Souslin number), c, are well known, cf. [ 161. 
A subset A of a space X will be called bounded if Clx A is compact. A space X 
will be called zero-dimensional’ if disjoint zero-sets are contained in disjoint slopen 
’ Quite often this is called strongly zero-dimensional: It is not equivalent o X having an open base 
of clopen sets. 
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( = closed and open) sets (X is zero-dimensional iff /3X is, and if X is zerc- 
dimensional, so is every C*-embedded subspace [7, p. 251, Theorems 7 and g]). A 
space is called nowhere locally compact if no point has a compact neighborhood. A 
space X is realcompact if for each p E X* there is a continuous f: /3X + [0, l] such 
that f (pl = 0 and f (x) > 0 for x E X. (This is equivalent to more usual definitions.) 
A function f: X + [0, l] is said to be not bounded away from zero if (V& > 0) 
(3x E X>[f 3x)< 4. 
A point of /3X that is not in the closure of any nowhere dense subset of X is 
called a remote point’ of /3X. (Even if /3X = 6 Y, one should distinguish between 
remote points of @X and remote points of PY.) If K is a cardinal, then a point p 
of a space X is called a PM-point of X if the intersection of fewer than K neighbor- 
hoods of p is again a neighborhood of p; and p is called a K-point if p lies 
simultaneously on the boundaries of K pairwise disjoint open sets. A space X is 
said to be extremally discsr 232cfzS ~21 8 point p if p is not a 2-point of X. 
A cdrdinai is an initial ordinal, and an ordinal is the set k,f smaller ordinals. c is 
2% ZFC is Zermelo-Fraenkel set theory including the axiom of choice, CH is the 
Continuum Hypothesis, MA is Martin’s Axiom and P(c) is a well-known con- 
sequence of MA, cf. Section 2. If A is an axiom not in ZFC, then the symbol (A) 
in the statement of a theorem T indicates that T is a theorem of ZFC+ A. 
1. Int.mIuction 
Many well-known consequences of CH can in fact be derived from MA, which 
is strictly weaker than CH [27, Theorem 7.11] or even frDrn F(c), which is in turn 
strictly weaker than MA [19]. For instance, Booth [2,4.15] has shown that P(r) 
implies that there are PC-points in N*, thus proving Rudin’s result [25, Theorem 
4.21, that CH implies that there are P-points in N”. (It is unknown if there are 
P-points in N* in ZFC, bu, it is consistent with ZFC that there are no P,-points 
since it is consistent that c is irregular; see Remark 3.5(b).) 
Fine and Gillman [lo, ‘Theorem 2.51 have shown that CH implies the existence 
of remote points in flll8. It is unknown if remote points in flnW exist in ZFC, but one 
of the results in this paper is that P(c) implies the existence of such points; see 
Theorems 5.1 and 6.4. Fine and Gillman construct remote points in PX for “small” 
X in ZFC [ 10, Theorem 2.31. Then CH implies the existence of remote points in 
/3R since R is “small” under CH. Our construction is completely different, it 
resembles the construction of P,-points. If X is a normal noncompact realcompact 
locally compact space with countable g-weight, then we construct, using P(c), 2’ 
remote points in PX at which /3X is extremally disconnected and which are -$-points 
’ We prefer this definition to the more usual definition which requires p not to be in the closure of 
any relatively discrete subset of X, because one always ranstructs points which are remote in our sense. 
(See however Example 9.5.) 
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of X’, ze Theorems 5.1 and 6.4(D). This cay be used to find pathological points 
in X* for more general X; see Tht;orem 6.4. 
It seems to be new that MA, or P(c), impiies the existence of PC-points in IV; it 
is well ‘known that the ‘“axiom” that there is a P-point in N* impiies the existence 
of a B-point in X* if X is a nonpseudo ,ompact locally compact space, [25, Theorem 
4.51 or [ 13,9M]. However, the “axiom” that there is a &point in N* does not imply 
that there is a &point in X* whenever X is a locally compact nonpseudocompact 
space; there is in ZFC a nor‘:ompact o-compact locally compact separable space 
M such that M* does not have P,-points; under P(c) +-CH j’U* has P-points 
which are not &points. <We do not know if N* can have sucn points.) jU has the 
remarkable property that M* and IV* are homeomorphic under CH but not under 
P(c)+lCH; see Example 9.1. 
The fact that /3X is extremally disconnected at points of X* ‘tads to interesting 
consequences, see Section 7, where we study remainders of nowhere locally csmpacc 
spaces and Theorem 6.10. 
Let K be any cardinal. The following combinatorial principle is called P(K). 
Let & be a collection of fewer than rc subsets of N such that each 
finite subcollection of d has infinite intersection. Then there is an 
infinite F c N such that F\/“i is finite for each A E d. P(K) 
The following facts are known: P(w,) is a theorem of ZFC. (It is trivial that F(K) 
holds for K < to,.) MA implies P(c), see 120, p. 154) or [29]. P( K ) implies K * = c for 
each A < K, hence P( K ) implies K C c; cf. Section 4. In particu’iar, P(mJ implies 
1CH. We will prove that P(K) is equivalent to the following “topological principle”; 
see Section 3. 
Let X be a locally compact space with countable m-weight, and 
let & be a collection of fewer than K open subsets of X which 
has the F,,nite intersection property. Then there is an open subset 
U of X such that U nA #$I and U\A is bounded for each 
AEd. TOP(K) 
Example 9.1 shows that the condition that X have countable n-weight cannot 
be weakened to the condition that X be separable. 
We will call a noncompact realcompact locally compact space N-like. This tea- 
minology is motivated by the fact that one can study the Tech-Stone remainder of 
an N-like space in about the same way as one studies N*; see Sections 2 and 3. Thus 
X” and N* have many properties in common if X is N-like, espeeial!y ii X is 
“small”; see Sections 3-5. (Of course, X* and N* need not be homeomorphic if X 
is N-like, for instance: N* is zero-dimensional but [0, l)* is an irreducible continuum 
[l].) Our main result is that TOP(K), and hence P(K), is equivalent to: 
Let X be any N-like space w_th count&&z r-weight. Then each 
nonempty intersection of fewer than K open subsets of X* has 
nonempty interior, in X*. (*) 
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See Section 3. This generalizes the fact that P(K) is equivalent to the proposition 
that (*) holds for the special case X = N, which is well 11 our P(c) 
consequences depend on this result. 
Hindman [15, Corollary 1.41 has shown that N* has c-points in ZFC. We show 
that X* has c-points if X is an N-like space with IC(X>l = c; see Section 4. (We use 
IC(X)l = c as a manageable condition on X which implies that w( X*) s c.) Hindman 
[ 15, Theorem 2.31 also shows that CH implies that each point of N* is a c-point, 
and asks if CH is necessary for this result. We answer this by showing that P(c) 
implies that each point of X* is a c-point if X is an N-like space with countable 
v-weight, see Section 5. The problem whether each point of IV* is a c-point (or even 
a 2-point) in ZFC seems to be oye:i~ 
P(c) ‘.works” for N-like spaces with countable r-weight, but not for separable 
N-like spaces as Example 9.1 shows. In Section 8 we show that CH “works” for 
separable N-like spaces. Although CH often “works” for M-like spaces X with 
1 C( X)1 = c, see [ 51, Example 9.6 shows that our construction of remote points cannot 
be applied to construct remote points in PX if IC(X)l = c. (This does not mean that 
we have an example of an N-like space X such that PX does not have remote points.) 
Section 9 contains some examples; in Appendix A properties of countable 
extremall; oisconnected spaces without isolated points, needed for Section 9, are 
discussed. 
Our terminology and notation are fairly standard; f/ A denotes the restriction of 
a function f to a set A. We refer to [29] for information on the use of MA in 
topology, as well for a transparent proof that MA implies P(c). We assume familiarity 
with the basic properties of the tech-stone compactification, [ 131 is the standard 
reference. Two facts call for attention. If IC(X)l < c, then w(X*) s c, hence Ix*( G 2’, 
[7, p. 126, Lemma 21 or [16,2.2], and c(X) d c, [16,2.1(a)]. That IX*1 = 2’ is used 
explicitly in Theorems 5.I, 6.4, 6.10, and 7.1. The fact that c(X*) s t explains why 
we do not consider c+-points. 
e N* 
The function ’ from the topology of N to the topology of IN*, defined by 
is an important tool in the study of the space N*. The following properties of ’ are 
of interest to us: 
(I) 8’=8, 
(2) U’c V’ iff U\ V is bounded, hence 
(3) U’ = B iff U is bounded, 
(4) (Un V)'= U'n V’, 
(5) { U’ I U c N} is a base for f~*; 
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see [ 13,6S]. We will define for each X a function from the topology of X to the 
topology of X* that generalizes ‘. If W denotes the space of countable ordinals, 
then no such function can satisfy (3) and (4), because W contains two disjoint 
unbounded open sets but W* is a singleton. However, if X is a realcompact space, 
then our generalization behaves very well. 
If U is any subset of N, then Cl,, U is the largest open subset V of /3N such 
that Nn V= U. This suggests the following definitions. If X is any space, then we 
define a function Exx from the topology of X to the topology of /3X, and a function 
’ from the topology of X to the topology of X* by 
Exx ( U) = PX\Cl,, (X\ U), 
U’=X*nExx(U). 
(Clearly Exx( U) = CI,& if U is a clopen subset of X, so this definition of ’ is 
consistent with (‘). Exx ( U) is the largest open V in PX with X n V = U, see 
[7, p. 2691; we do not need this.) 
Throughout this paper, Exx and ’ will have this meaning. With the exception of 
Remark 6.5, the space X with respect to which Exx is defined. is clear from the 
context, so then we drop the subscript. Observe that ’ does not denote the derived 
set operate_. The function Ex was introduced by Smirnov [26]. The next lemma 
gives most of the properties of Ex; (A), (B), (D) and (F) are taken from [7, p. 269- 
2701, the proof is included for the sake of completeness. 0fte;a we will not explicitly 
refer to this lemma when we use it. BdsA denotes the boundary of A in S. 
2.1. mma. Let X be any space. 
(A) X n Ex( U) = U for U open in X. 
(B) Ex(@) = 8, Ex( U) n Ex( V) = Ex( U n V) for U and V opera in X. 
(C) If U is open in X and iflv is a compact subset of X, then Ex( U\ K) = Ex( U)\,K. 
(D) Cl,, Ex( U) = Cl&J for U open in X. 
(E) U c Ex(X n U) c Cl,& for U open in PX. 
(F) If X is normal, then Ex( U) u Ex( V) = Ex( U u V) and B&x Ex( U) = 
Cl,, BdxU for U, V open in X. 
roof. (A), (B) and (C) follow from a straightforward computation. 
(D) X is dense in PX, and Ex( U) is open in /3X, hence Cl,, Ex( U) = Cl,, 
(X n Ex( U)) = Cl,,U. 
(E) The first inequality is obvious. The proof of the second inequality is similar 
to the proof of (B). 
(F) If X is normal, then %Yl,,F n Cl,,G = Cl,, (F n 6) for any two closed subsets 
F and G of X. Then the first p;rt is clear, and the second part is proved as follows: 
Cl,~Bd,U=Cl,,Kl, Un(X\U))=(Clp,C1,U)nClpx(X\U) 
= Cl,& n (pX\(PX\Cl& 
=Clp,Ex(U)n(PX\Ex(U))=Bdp,Ex(U) @ 
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Since PX is regular, we infer from (C) that (Ex( U) 1 U open in X) is a base for 
PX. This implies the following lemma. 
ma. Let X be any space. 7hen { U’l U open in X} is a base for X*. 
Except in the trivial case that X is zero-dimensional, we are not able to characterize 
internally (i.e., in X”) a collection !J% of open sets, such that SB is a base for X* 
and such that each member of SB has the form U’. 
The following lemma is very important o us. Parts of it are valid for all spaces. 
23. mma. Let X be a realcompact space, and let U and V be open subsets of X. 
(A) U’n V’=(Un V)‘,0’=0* 
(B) U’c V’ if U’-, V is bounded. 
(C) The following conditions are equivalent: 
(1) There is a continuous f: /3X + [0, l] such that f (x) # 0 for x E X, and f r U 
is bounded away from zero. 
(2) U’Z8’. 
(3) U is unbounded. 
roof. (A) follows frum Lemma 2.1(A). 
(B) and (C). We will prove that the following conditions on U and V are 
equivalent: 
(1’) There is a continuous function f: PX + [0, I] such that f(x) # 0 for x E X, 
and f f ( U\ V) is not bounded away from zero; 
(2’) U’$ V’; 
(3’) U\ V is unbounded. 
This proves both (B) and (C) (let V = 8’). 
(1’)+(2’). We can choose a sequence (an)” of points of U\ V such that 0~ 
f (a,+,) < ff (a,) for n EN. If Lrl = X nf ‘[(if (a,), 113 and K+, = X nf ‘[(!f (a,+,), 
if b,M then 1 Un 1 n E N is a locally finite open family, and a, E U” for n EN. 
Therefore there is for each function g from A = {a,, 1 n E N} to IF4 acontinuous function 
h :X + R which extends g, such that h(x) =O for x E X\U Since f E C(X), by 
[ 13,1.19] A is a closed C-embedded subset of X. As UnERI U” is a cozero set of X 
containing A and contained in U, it follows by [13, 1.181 that Clx A is contained 
in Ex( U) and intersects X *. Since An V = ff, Cl,, A and Ex( V) are disjoint. It 
follows that 
Iz( f X* n CIBx A c Ex( U)\Ex( V). 
(2’)+3’). Let K = Cl,( U\ V), then (U\K)‘c: V’. If K is compact, hen (U\K)‘= 
U’ bl Lemma 2.1(B), hence U’ t V’. 
(3’)+( 1’). Pick a point p E X* n Cl& U\ V). Since X is realcompact, here is a 
continuous function f: PX + [0, l] such that f(p) = 0 and f(x) > 0 for x E X. Since 
p E Cl&U\ V), f 1 U\ V is not bounded away from zero. Cl 
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X. Then 
0.~~0 dense subset of a realcompact (noncompact) space 
X* n Cl,,A is a nowhere dense subset of X*. 
roof. Since (X\Clx A)’ and X* nCl,,A are complementary subsets of X*, it 
suffices to prove that if U is any dense open subset of X, then U’ is a dense (open) 
subset of X”. 
Let U be any dense open subset of X. Let W be any nonempty open subset of 
X*. Then by Lemma 2.2, there is an open subset V of X such that fl# V’c W. V 
is not bounded, by Lemma 2.3. Since U is a dense subset of X, Clx( U n V) = Cl& 
Hence U n V is not bounded. Then U’n V’ is a nonempty subset of U’n W, by 
Lemma 2.3. Cl 
If X is a noncompact a-compact locally compact space, then there is a continuous 
function f: PX + [0, I] such that X* =f’[{O}]. Then a subset A of X is unbounded 
iff f ] A is not bounded away from zero iff A intersects infinitely many members of 
(j-7(2-“-‘, 2-““)I 1 n E N}. It would be very convenient if there were for each N-like 
space X a countable open family B such that an open subset of X is unbounded 
iff it intersects infinitely many members of 3. However, even for N-like spaces with 
countable v-weight such a family need irot exit:, see Example 9.3. This example 
answers Comfort and Negrepontij’ question whether an N-like space X with 
IC(X)l = c must be u-compact, ir the negative. The question remains open for 
normal N-like spaces. 
3. Topological eqUivaknCe$ of P{K) 
3.1. mma. If K is any cardinal, then the following conditions are equivalent for an 
N-like space :
(A) If d is any collection of fewer than K open subsets of X which has the finite 
intersection property, then there is an open U in X such that U n A # $ and U/A is 
bounded for all A E &. 
(B) If SJ is any collection of fewer than K open subsets of X with the property that 
ng is unbounded for each finite subcollection 9 of 33, then there is an unbounded 
open subset U of X such that U\ B is bounded for each B E 93. 
(C) If 5%’ is any subcollection of ( U’I U open in X) of cardinality smaller than K 
which has the finite intersection property, then Intx*n%? # 8’. 
roof. It suffices to prove this for K > o. 
(A)+(B). Let !%? satisfy condition (B). Then the collection 
X = {Cl&n $)‘I$ is a finite subcollection of &} 
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has the finite intersection property. Since X* is compact, there is a point p E n %‘. 
Then 
p E Cl& 9 for each finite subcollection g of J& (*) 
Since X is realcompact, there is a continuous f: PX + [0, l] such that f(p) = 0 and 
f(x) # 0 for x E X. By (*j the collection 
has the finite intersection property. By (A) there is an open U in X such that 
U n A # ff and LJ\A is bounded for all A E &. Then U intersects eachf’[[O, l/n)], 
so fr U is not bounded away from zero. Since f(x) # 0 for x E X, it follows that U 
is unbounded. Of course, U\B is bounded for each BE 3. 
(B)+(A). Let & satisfy condition (A). If there is a finite subcollection 9 of & 
such that n 9 is bounded, then U = n 9 has all properties required. If not, then 
by (B) there is an unbounded open subset U of X such that U\A is bounded for 
each A E SIZ. Then U I? A # $5, since U is unbounded and U\A is bounded, for each 
AEJ-4. 
(B)*(C). Let S? be a collection of fewer than K open subsets of X such that 
%’ = {B’ 1 B E 9) has the finite intersection property. Then 9 satisfies condition (B), 
hence there is an unbounded open subset U of X such that U\B is bounded for 
each BE 9% Then U’# B’ and U’c B’ for BE 3, by Lemma 2.3. Consequently 
Lntx*(799 z 8’. 
(C)+(B). Let 3 satisfy condrtion (B). Then % = { B’( B E 9?} has the finite intersec- 
tion property by Lemma 2.3, hence Lnt,&-)% # 8’. By Lemma 2.2 there is an open 
U in X such that U’ Z B and U’c B’ for each B E 9I. Then U is unbounded, and 
U\B is bounded for each B E 9, by Lemma 2.3. q 
3.2. Corollary. (a) P( K ) is equivalent o the following combinatorial principle: 
If 94 is any collection of fewer than K subsets of a countable set K, 
and ~4 has the jinite intersection property, then there is a subset UT 
of K such that U n A # ipI and U\A is fmite, for each A E &. P’(K) 
(b) Let X be any N-like space. Then each nonempty G*-subset in X* has nonempty 
interior. 
roof. (a) is obvious, and (b) follows from the fact that each locally compact space 
X satisfies condition (A) of Lemma 3.1 for K = wI. ill 
Corollary 3.2 (b) is due to Fine and Gillman [9, p. 3771; see Proposition 3.8 for 
further discussion. That (A) and (B) in Lemma 3.1 are equivalent for X = N is well 
known. Theorem 3.4 below is the key to our construction of pathological points. 
?‘CP( K) is defined in Section 1. 
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For each cardinal K, P(K) and TOP(K) are equivalent. 
roof. Since P(K) and P’(K) are equivalent, and TOP(K) clearly implies P’(K), it 
suffices to prove that P’(K) implies TOP(K). 
Let X be any locally compact space with countable v-weight. Then X has a 
countable r-base $59 all members of which are bounded. Let & be any collection 
of fewer than K open subsets of X which has the finite intersection property. For 
each A E & let gA = {B E 93 1 B c A}. Then one readily verifies that @,I A E ~8) has 
the finite intersection property. Then by P’(K) there is a subfamily % of 6% such 
that % n 9&, # fl and %\a* is finite for each A E .c& Put U = U %. Then for each 
A E d the following holds: U A A 1 lJ( % n iBA) # fl, since He 3, and U\A c 
(U %)\(Ua,) c U( %\%I,), hence U\A is bounded, since %\9$, is a finite collec- 
tion of bounded sets. Cl 
3. For each uncountable K, t/it? following statements are equivalent: 
(1) P(K)= 
(2) P-f X is any N-like space with countable v-weight, then X” has a base 3 such 
that for each subcollection ~4 of 9 with fewer than K members, which has the finite 
intersection property, Intx*n& f fl. 
(3) If X is any N-like space with countable r-weight, then each nonempty intersection 
of fewer than K open subsets of X* has nonempty interior. 
roof. (l)+(2). Lemmas 2.2, 3.1 and Theorem 3.3. 
(2)*(3). Is obvious. 
(4)*( 1). If X = N satisfies the statement in (3), then N satisfies condition (C) of 
Lemma 3.1, since N* is compact and { U’ 161 c N} is a family in N* consisting of 
clopen sets. P(K) is equivalent to the statement that X = N satisfies condition (B) 
of Lemma 3.1. 0 
marks. (a) We do not know whether in general the following properties are 
equivalent for a space X: 
(1) Each nonempty intersection of less than K open sets in X has nonempty 
interior; . 
(2) X has a base 9 such that for each subfamily & of 3 with fewer than K 
members, which has the finite intersection property, IntxnA! # 8. 
Of course, ( 1) and (2) are equivalent if X is locally compact and ind X = 0. 
(b) Theorem 3.4 can be used to show that P(c) implies that c is regular, as follows. 
Let p bc: a point of N*. Since N* has weight c, p has a local base {L, 1 a E c}. Let 
LJa = IntN*n{Lp I P E a} (a E c). By Theorem 3.4, P(c) implies that U, Z 81 for a E C, 
and also that Int( ULI I a E S} z ff if S is a subset of c with cardinality cc. If K is a 
cofinal subset of c, then IntN*n{ U, I a E K) c Int,* {p} = fl. It follows that cof(c) = c. 
This argument also shows that the axiom “N* has a P,-point” implies that c is regular. 
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3. . (A) (P(K)) Let X be any N-like space with countable v-weight. If D 
is any intersection fat most K dense open subsets of X”, then 1 U n Dl> 2” for each 
nonempty open subset U of X”. 
(B) Let X be any N-like space. If D is any intersection of at most w, dense open 
subsets of X *, then (Un Dl 2 2”1 for each nonempty open subset of X*. 
roof. We prove (A) for K 3 ol; the proof of (B) is similar. Let { I_& 11s a! < K} be 
a collection of open subsets of X*, let UO be an arbitrary open subset. IJsing Theorem 
3.4 one can find by a transfinite construction a collection ( V(f, a) 1 a E tq f: K + 2) 
of open subsets of X* such that 
(I) V(f, a)= Lh, 
(2) Clx* V(f, a ) = V(f, Pi if a > P, 
(3) V(f, a) = V(g, a) iff (P) = g(B) for P s a, 
(4) V(.WnV(g,4=SiffWfgW. 
Then tntV(f, 4b E dlf: K + 2) is a pairwise disjoint collection of nonempty 
closed subsets, each of which is contained in n{ UQ I a E K). Hence I U,, n 
n{u,&+&K}I~r 0 
3.7. Corollary to proof. (P(K)) If A is an infinite cardinal, then A < K implies 2A = c. 
off- vwxlf: K + 2) is a pairwise disjoint open collection in X* with cardinality 
2”. Since the weight of X* is c, and h is infinite, it follows that 2” = c. Cl 
3. . (a) We do not know whether P(K) is equivalent o the “axiom” that 
the intersection of at most K dense open subsets in the remainder of any N-like 
space (or: in N*) is dense. 
(b) The condition on the g-weight in Theorem 3.6(A) is essential: There is a 
separable N-like space M such that the intersection of 2”1 dense open subsets of 
M* is empty, in ZFC. Hence under P(wJ the intersection of c dense open subsets 
of M* can be empty, for P(w2) implies 2”1= c; see Example 9.1(6). Corollary 3.7, 
and the proof, are essentially due to Rothberger [24, .ppendix, p. 431. Observe that 
Corollary 3.7 implies that P(K) is impossible for K > c. Also observe that the fact 
that P(c) implies 2A - c for each infinite cardinal A < c, can be used to give another 
proof that P(c) implies that c is regular: If A c c, then 2” = c, hence cof(c) # A by 
Kiinig’s theorem. This argument is due to Martin and Solovay [20, p. 165, Corollary 
21. 
Fine and Gillman used Corollary 3.2(b) to prove that X* is not basically discon- 
nected if X is N-like, [9, Remark 3.21. They referred to [ 13, GW] as to give another 
proof for the special case X = N. The proof of the next proposition shows that this 
proof can be used as well. 
A G6.,-set is the intersection of fewer than K open sets, and an F,,-set is the 
union of fewer than K closed sets. 
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3. ositioa. If K is any cardinal, then the following conditions are equivaient for 
a space S: 
(A) Each nonempty G g,,-subset of S has nonempty interior. 
(B) If F is a nonempty G,,, -subset of S, then F c ClsIntsF. 
(C) If F is a closed G,,, -subset of S, then F = Cl,Int,F. 
(D) If U is a (not necessarily open) Fv,,-subset of S which is not closed, then Cl& 
is not open. 
(E) If U is an open Fox -subset of S which is not closed, then Cl& is not open. 
( F) If U is an open F,, -subset of S which is not closed, then ClsU # S. 
roof. It suffices to prove this for uncountable K. 
(A)*(B). F\ClsInt,F is a G,,-subset of S with empty interior, hence F c . 
ClsInt& 
(B)+(C). Is obvious. 
(C)*(A). Follows from the fact that S is regular. 
(A)*(D). If V is any open subset of S which conrains Cl&, then v\ U is a 
2onempty G 8,K-subset of S since V\ U 3 Cl&\ U # 8. Therefore I = Ints( v\ U) is 
not empty. Since I n ClsU = fl, it follows that ClsU f V. 
(D)*(E) and (E)*(F). Are obvious. 
(F)*(A). Let F be a nonempty G+ -subset of S. Since S is regular, F contains 
a nonempty closed G g,,-subset H of S. If H is open, then we are done. If not, then 
S\H is an open F& -subset of S which is not closed, hence S # Cl& S\H). Therefore 
Int,H = S\Cls( S\H) Z B’. Cl 
This can be used to give some more topological equivalents of P(K), e.g., N* does 
not contain a proper dense open subset which is the union of fewer than K closed 
sets. 
emainders of N-like spaces with lC(X)l = c 
Let X be an N-like space. Then for each nonempty open U in X* there 
is a collection consisting of c pairwise disjoint nonempty open subsets of U. (This is 
sharp if IC(X)l = c.) 
roof (Compare with [ 13,6Q.2]). Let U be any nonempty open subset of X”. By 
Lemma 2.2 there is an open V in X such that fl# v’c U. By Lemma 1.3 there is 
a continuous f: PX + [0, l] such that f(x) > 0 for x E X and f 1 V is not bounded 
away from zero. Since X is locally compact, there is a pairwise disjoint family 
& = {A, 1 n E N} consisting of bounded open subsets of X, such that A, c Vn 
f ‘[[0,2-‘71 for each n EN. 
There is a collection {da 1 a E c} consisting of infinite subfamilies of SB, such that 
J& n ,(a, is finite for distinct (Y, p E c, [ 13, 64.11 or [3]. Let U, = U J& for cy E c. 
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Then U, n V” is bounded for distinct cy, p E c, and f 1 is not bounded away from 
zero for cy E c. It follows from Lemma 2.3 that { Uk / Q E c} is a pairwise disjoint 
collection consisting of nonempty open subsets of X”, and evidently, Uh. c V’c U 
for all LY. (This is sharp if X* has weight s c, in particular if IC(X)l = c.j 0 
The if-part of the next lemma is the key to Hind n’s construction of c-points 
in N*. 
4.2. LenrPna. Let K be an infinite cardinal. Let S be with the property that 
for each nonempty open subset U of S there is a colle of K pairwise disjoint open 
subsets of U. Let p be a point of S which has a neighborho ase with at most K members. 
Then p is a K-point i$ there is a pairwise disjoint consisting of nonempty 
open subsets of S, such that each neighborhood of p c 
roof. Suficiency. Let V = ( V, ] a E A). For each (Y E v choose a pairwise disjoint 
collection { Va,@ I/3 E K} consisting of nonempty open subsets of Va. Then each 
neighborhood of p intersects a member of the pairwise disjoint open collection 
Necessity. Let {La I cr E p} be a neighbc rhood base of p, where ~1 s K. Let { CJLl I a E 
K} be a pairwise disjoint collection of open sets sue at p E Cl&J, for each a E K. 
Then each neighborhood of p contains a member of collection (La n K I a E p), 
which consists of pairwise disjoint nonempty open 
3. Let X be an N-like space with ICY = c. Then X” contains a dense 
set of c-points. 
f (Compare with [ 15, Theorem 1.31). Let W be any nonempty open subset of 
X”. We will show that Clx* W contains a c-point. Let be a pairwise disjoint open 
family consisting of c open subsets of W, such a fam xists by Theorem 4.1 l 
If & is any family of subsets of a compact space and each point of S has a 
neighborhood which intersects less than K members Op, where K is an infinite 
cardinal, then clearly l&i < K. It follows that there is a int p of X* such that each 
neighborhood of p intersects c members of %. Clear1 Cilx* W. Since IC(X>l= c, 
X* has :Height c, therefore p has a neighborhood bas e form {L, I o E c). (There 
is no need to require the Lc* to be distinct. ) Construct an open family V = { Vu I (Y E c} 
as follows. 
Let ;I? be any nonempty open subset of LO which is contained in some member 
of %. Assume that for each Q < p, where 1 G p <c, we have chosen a nonempty 
open subset Va of L, which is contained in some me ber of %, in such a way that 
VQ n VP = B’ if cy # p. Since L, intersects c members of Q, we can choose a nonempty 
open subset VP of L@ which is contained in some member of -:t that contains no 
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Va with a! < p. Then Va n VP = B for cy < p. This completes the constructior of 
V={Vv,Ia,Et}. 
Then ‘I” is a pairwise disjoint collection of nonempty open sets such that each 
neighborhood of p contains a member of “y: Consequently p is a c-point by Lemma 
4.2 and Theorem 4.1. Cl 
The proof of Theorem 6.4 will make clear that Thorem 4.3 implies that X* contains 
a (not necessarily dense) set of c-points wnich is not nowhere dense, provided X 
is a nonpseudocompact locally compact space with IC(X)l = c. 
We finish this section by showing that X can be very N-like. 
4. eorem (CH). If X is a zero-dimensional noncompact cT-compact locally compact 
space with IC(X>l= c, then X* and N” are homeomorphic. 
roof. ParoviEenko [22] has shown that CH implies that if Y is a strongly zero- 
dimensional compact F-space without isolated points in which nonempty G,-subsets 
have nonempty interior, and which has weight c, then Y and IV* are homeomorphic. 
Let X be a zero-dimensional noncompact a-compact locally compact space with 
IC(X)l = c. Then X* is a zero-dimensional compact space, being a closed subspace 
of the compact zero-dimensional space PX. X* is an F-space by Remark 4.6(f), 
has no isolated points by Theorem 4.1 and has weight c since I C( X*)1 = c, because 
w(X*) 2 c$X*) 2 c, by Theorem 4.1. Nonempty Gs-subsets of X* have nonempty 
interior by Corollary 3.2(b). Cl 
S. Corollary (CH). (A) Let K be any zero-dimensional compact space with I C( K)I = 
c. l%en (N x K )* and N* are homeomorphic. 
(B) Let Y be a zero-dimensional space with IC( Y)I = c, and let 2 be any nonempty 
zero set in PY which is contained in Y *. l3en 2 and R-4” are homeomorphic. 
roof. (A) is trivial, while (B) follows from the fact that X = py\Z is a zero- 
dimensional noncompact a-compact locally compact space with Y c X c p Y, hence 
IC(X)l=c and pX=pY so 2=X*. El 
.6. . (a) ParoviEenko [22] formulates his characterization of N* in different 
terms. He uses the concepts Cantor Separability and Du Bois-Raymond Separability. 
For compact zero-dimensional spaces, the former is equivalent to the property that 
nonempty Gs-subsets have nonempty interior, while the latter is equivalent to the 
property of being an F-space. 
(b) CH is essential for Parovicenko’s characterization of N*. If K denotes the 
product (0, l}‘, then (l!I x M)* and N* are not homeomorphic under P( 02), see 
Example 9.1. This seems to be new. 
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(c) It would be of interest to have a characterization of N” under 
F-space is a space in -1hich every open &subset is C*-embedded, one would like 
to characterize N* under MA as the unique compact zero-dimensional space with 
weight c in which: (1) nonempty intersections of less than c open subsets have 
nonempty interior, and (2) open subsets which are the union of less than c closed 
sets are C*-embedded. Unfortunately, there is in ZFC an (0, , wr)-gap in N”, see 
[ 14, Section 11, which implies that there is an open set in IBI* which is the union of 
0, closed subsets of N* and which is not C*-embedded. 
(cl) Corollary 4.5 implies that the remainders of the following spaces are homeo- 
morphic to N* under CM: N x hJ*, N x /3N, N x BQ, N x (0, l}“, the linearly ordered 
space $8 x (0, 1) (lexicographic ordering), fY x (0, l)‘, N x (0, + 1) and lY x CUD, where 
D is the discrete space with c points. It would be interesting to know if CH is 
essential for all these examples; see Example 9.1 and Remark 9.2(c). 
(e) Corollary 4.5(B) is stated by Comfort and Negrepontis [5, Theorem 1.11. 
However, their proof contains an error. It reads: 
“For any such space Z is a compact zero-dimensional F-space without isolated 
points for which ]C(Z)l = c, and each nonempty zero set in such a space has 
nonempty interior. ParoviEenko 1221 shows that such a space is homeomorphic with 
t+J8.” 
But it is not true that if 2 is a compact zero-dimensional F-space without isolated 
points for which 1 C(Z)] = c, then each nonempty zero set in 2 has nonempty interior. 
For there is a countable extremally disconnected space E without isolated points, 
see, e.g., [6], and then Z = PE is a counterexample. 
(f) That X” is an F-space if X is c+-compact and locally compact, is proved in 
[ 13,14.27]. This proof is unnecessarily complicated. Let us prove the stronger result 
that each &subset of such an X* is C*-embedded: Let E! be any nonempty 
F,-subspace of X*, and letf: H + [0, I] be a continuous function. Since H is closed 
in IQ u X, because X* is closed in /3X, and H u X is o-compact, hence is norm& 
f can be extended to a continuous function J: H u X + [0, 11. Now X c H u X c 6X, 
hence /3( H u X) = /3X. So $ can be extended continuously over PX. Of course this 
argument is known, see [21, p. 3941. We do not know whether each (compact) 
F-space has the property that all F,-subspaces are C*-embedded. (It is known that 
all countable subspaces are, [13, 14N.51.) 
5. is an IV-li?ce space with countable r-weight, then each 
nonempty open subset of X” contains 2’ remote points of PX which are PC-points of X”. 
Since X has a countable w-base, there is a collection ( 0: 1 a E c} of open 
subsets of X such that for each open U in X there is an cy E c such that U, is a 
dense subset of U. It follows that there is a collection {Fa 1 a E c} cunsisting of 
E.K. van Douwen / Pathological points in j?X\X 17 
nowhere dense closed subsets of X such that each nowhere dense subset of X is 
contained in some F, . Then by Corollary 2.4,% = {X” n Cl,&, 1 a E c} is a collection 
of nowhere dense subsets of X*. 
Since X has a countable w-base, X* has a base 9 with cardinality c. A point of 
X* is a non-&point of X* iff it is contained in some member of the collection 
!? = (Z\Int,*Z 1 Z is an intersection of fewer than c members of 3). 
Since cK = c for K < c by P(c), 9 is a collection of at most c nowhere dense subsets 
of x”. 
By Theorem 3.6, each nonempty open subset of X* contains 2’ points of 
X*\U (3 u Y*). But each point of this complement is a remote point of PX which 
is a &point of X”. Cl 
e “axiom” that intersections of at most c dense open sets are 
dense in the remainder of an N-like space with countable n-weight is possibly 
l:reaker than P(c), but the above proof shows that it is strong enough to ensure the 
existence of remote points which are P-points. 
(b) In the next section we will use Theorem 5.1 to construct pathological points 
in remainders of more general spaces. There we will also show that PX is extremally 
disconnected at suitably chosen remote points, if X is an N-like space with countable 
w-weight. 
The following theorem was first proved by Hindman 115, Lemma 2.11 for X = N 
under CH, with a more technical proof. 
eorem (P(c)). Lzt X be an N-like space with countable r-weight. Then each 
point of X” is a c-point of X”. 
roof. Let p be any point of X*. Since X* has weight c, p has a neighborhood 
base in X* of the form { Lar 1 a! E c}. If V is a neighborhood of p in X*, then V 
contains a zero set of PX since X is realcompact, hence 1 VI > 2’, [12, 9.51. The 
point p is not isolated in X *. So we can construct a family “z’= ! V, I a! E c} of open 
subsets of X* as follows. 
Let VO be any nonempty open subset of X* which is contained in LO, such that 
p g Clx* VO. Assume for each a! < CL, where 1~ p < c, we have constructed a nonempty 
open subset Va of X* which is contained in L,, such that p E Clx* Va, and such 
that V, n V, = fl for cy # p. Then {L,} u {X*\Clx* V, I LY E p} has nonempty intersec- 
tion. By Theorem 3.4, this intersection has nonempty interior. Therefore we can 
choose a nonempty open subset V, of X* such that VP c L,, V, n V, = fl for each 
cy < cc, and p E Clx* V,. This completes the construction. 
Then s’ is a pairwise disjoint collection of c (nonempty) open subsets of X”, 
such that each neighborhood of p contains a member of Y. By Lemma 4.2 and 
Theorem 4.1 it follows that p is a c-point of X*. q 
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. P(c) and pathologica 
6.1. Lemma. Let Y &ti a locally compact space. If G is a nonempty C&-subset of pY 
which is contain& ? Y*, then Int,*G# $. 
f. Without loss of generality, G is closed. Then G = f ‘[{0}] for some continuous 
function f: p Y + [0, l]. Since Y is locally compact, we can choose for each n E N 
a bounded open subset Un of Y such that U,., c f ‘[[O, 2-“)I. Let U = U( U” 1 n E N). 
Then f 1 U is not tounded away from zero, and f(y) > 0 for y E Y, hence U’ # fl 
by C( l)+C(3) of Lemma 2.3, which is valid for all Tychonoff X. Since ( Y n 
f '[[O, 2-“)I)\ U is bounded in Y, and 
Ed y nf ‘[CO, 2-” )I) = Cl,,s ‘[IO, 2-y c f ‘[[O, 271 
for each n E N, it follows from Lemma 2.3 that U’c G. Hence Int ,,*(i # 8’. 0 
4.2. mma. Let X be a normal space. The following are equivalent for a point p E ,I?@; 
(I) p is a remote point of /3X. 
(2) if U is an open subset of PX, then p E Cl,,U (if and) only if p E Ex(X n U). 
Proof. (Observe that if U is open in /3X, then p E Ex(X n U) implies p E Cl,& 
since Clpx Ex(X n U) = Cl& by Lemma 2.1(D).) 
(l)*(2). Let U be an open subset of /3X, and assume that p E Cl,U. Since p is 
a remote point, p SE Cl,, Bdx(X n U). Since X is normal, Cl,,BR,(X n U) = 
Bd,, Ex( X n U), by Lemma 2.1. Since Cl& = Cl,, Ex(X n U), it follows that 
p E Cl,, Ex(X n U)\Bd,, Ex(X n U) = Ex(X n U). 
(2)*( 1). Let A be a nowhere dense subset of X. Then U = X\Cl,A is a dense 
open subset of X, hence p E Cl& = C1,, Ex( U), therefore p E 3x(X n Ex( U)) = 
Ex( U). Since AnEx(U)=AnXnEx(U)=AnU=& it follows that 
peCl,,A. Cl 
6.3. Corollary. If X is normal, then /3X is extremally disconnected at each remote poin t. 
If X is extremally disconnected, then PX is extremally disconnected at each point 
[13,6M.l], in particular then PX is extremally disconnected at all points which are 
not remote. However, under suitable conditions on X a point of /3X is a remote 
point iff PX is extremally disconnected at this point; we will not pursue this point 
any further, the proof of Theorem 7.5 indicates our ideas. 
6. (P(c)). (A) Let Ybe a nonpseudocompact space with countable z-weight. 
Then there are 2’ remote points in /3 Y at which PY is extremally disconnected. 
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(B) Let Y be a noncompact realcompac~ ace with ccuntable n-weight. nten each 
nonempty open subset of Y” contains 2’ rerlote points of p Y at which p Y is extremally 
disconnected. 
(C) Let Y be a locally compact nonpseu compact space with countable z-weight. 
Then &ere are 2’ remote points of /3 Y at BY is extremally disconnected, which 
are P,-points of Y”. 
(D) Let Y be an N-like space with ble v-weight. Ttzen each nonempty open 
subset of Y* conkrins 2’ remote points at which /3Y is extremally disconnected, 
which are P,-points of 7% 
f. Let Y be a space with countable 7 eight. If Y is not pseudocompact, then 
ere is a continuous function f : p Y + [ uchthatf(y)#OforyE Y,andf(y)=O 
for at least one y E Y*. If Y is realcom then there is for each nonempty open 
subset U of Y* a continuous function Y+[O, l] such that f(y)#O for yE Y, 
f(y) = 0 for at least one y c Y*, and *) f 0 for y g U. So in order to prove the 
theorem, it suffices to find 2’ patholo points in each nonempty zero set of /3Y 
which is contained in Y*. 
Let 2 be an arbitrary nonempty zero set of PY which is contained in Y*. If Y 
is locally compact, set V = Int V = Z. By Lemma 6.1, V is not empty, 
and clearly V is open in Z. Let X = Z. Then YcXcpY, hence gX=/3Y 
Since X is a cozero set of a c X is o-compact (hence normal) locally 
compact space. Clearly X is n ence X is N-like. Y is a dense subspace 
of X, therefore X has counta 
V is a nonempty open subset of X* = Z, hence by Theorem 5.1, V contains 2’ 
remote points of PX which are P,-poi f X*. Since X is normal, it follows from 
Corollary 6.3 that BY = PX is extrema isconnected at each of these points. Since 
Y c X, each nowhere dense subset of IS a nowhere dense subset of X. Therefore 
each remote point of PX is remote of PY. Finally, if X is locally compact, 
then V is open both in X* and in Y*. So each f,-point of Y* which is contained 
in V, is also PC-point of Y”. Cl 
6.5. Remark. In Theorem 6.4, the condition that Y have countable n-weight can 
be weakened. It is sufficient to assume that each nonempty open subset of Y contains 
a nonempty open subset of Y which has countable n-weight (for instance, if Y is 
a locally compact metrizable space). This can be setn as follows. Let X be as in 
the proof of Theorem 6.4. Let f: /3X + [0, l] be a continuous function such that 
X =f ‘[(0, l]]. Since Y is den,, =p in X, we can choose for each n E N a nonempty 
open bounded subspace & of X which has countable n-weight in such a way that 
& c f ‘[[O, l/n)]. Let R = l_j{P,, 1 n EN} and A = Cl* B. Then A has countable T- 
weight, and E is an onen unbounded subset both of X and A. Since X is normal, 
PA = Clpx A. Let U =.Exx (B), V = X* n U. (It can be shown that U = ExA( B), but 
we do not need this.) Since B is unbounded in X, V # fl. Since VC Cl,, U = 
Cl,, B = Cl,* A, V is a nonempty open subset both of A* and X*. So each P,-point 
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of A* which is contained in V, is &point of X *. Similarly, since U is open both 
in PA and PX, each remote point of PA is remote point of PX. 0 
we next construct a peculiar open ultrafilter, cf. the proof of [ 10, Theorem 2.31. 
ltlon. Let X be any normal space. Then the following conditions on X are 
(A) pX has a remote point. 
(B) There is a free open ultrafilter % on X such that (VU E %)(~VE Q) 
[ClJJc U]. 
ro,lr. (A)+(B). Let p be a remote point of PX. Define % = (U c X 1 U is open in 
X and p E Ex( U)}. Then ‘Iu has the finite intersection property. Since (Ex( U) 1 U 
open in X} is a base for PX, see the remark preceding Lemma 2.2, (VU E %) 
(WE %)[ClJJc U]. 
Let V be any open subset of X which intersects each member of %. Then 
Ex( U) n Ex( V) # fl for all U E %, hence p E Clpx Ex( V). By Lemma 6.2, it follows 
that p E Ex(X n Ex( V)) = Ex( V). Hence VE %. This proves that % is an open 
ultrafilter. 
(B)+(A). There is a point p E n{Cl,,U 1 U E %}. The conditions on % imply 
that p E X*. If D is any nowhere dense subset of X, then U = X\Cl*D belongs to 
%. There is a V E 41 such that Cl,Jc U. Then Cl&J n Clex (X\ U) are disjoint 
since X is normal. It follows that p E Cl,,Vc Ex( U), hence p e Cl& since 
Ex(U)nD=B’. Cl 
6.7. Corollary (P(c)). Let Y be a nonpseudocompact space with countable w-weight. 
Then there is a free open ultrafilter “c’ on Y such that 
(VU E “Er)(3 VE “Y)[Cl,V and Y\ U are functionally separated]. 
roof. Let X be as in the proof of Theorem 6.4. Let % be as in Proposition 6.6(B). 
Then "cr = { U n Y 1 U E %} has all properties required. Cl 
A space is said to be a nodec space if all nowhere dense subsets are closed. In 
[6] we construct in ZFC a countable xtremally disconnected nodec space without 
isolated points. Using Lemma 6.9 below, we also construct he following example. 
6. Ie (P(C)). For each function n : Q + N there is a (regular) topology r on 
89 such that: 
(1) (Q, a) is a nodec space with countable n-weight. 
(2) Each 9 E Q is an n(q)-point in (Q, r) but not an (n(q) + I)-point. 
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In particular this shows that there is under P(c) a countable space X with countable 
w-weight every point of which is a 2-point but not a 3-point. Then PX consists 
entireiy of l-points and 2-points. (Both types of points occur.) 
8 (P(c)). There is an open ultrajilter % on Q+, the positive rationals, 
generated by clopen subsets, which contains (0, E) n Qs+ for each E > 0. 
roof. Let f: PQ” + [O, l] be a continuous function such that f (x) = x for x s 1 and 
f(x) = 1 for x a 1. The proof of Theorem 6.4 shows that there is a remote point 
p E fiQ’ such that f (p) = 0. Construe’ % as in Proposition 6.6. Then (0, E) n 42’ E % 
for each E > 0. %? is generated by clopen sets since Q’ is zero-dimensional. 0 
We finish this section with an application of the concept “extremally disconnected 
at”. The theorem seems to be new, even under CH and for the special case X = Q 
and X=R. 
6.10. (P(c)). Let X be a proper dense subspace of a nonpseudocompact space 
Y with countable n-weight, and let f: /3X + PY be the (unique) continuous map 
sutisfying f (x) = x for x E X. Then there is a subset E of Y” with cardinality 2’, such 
that f ‘[(x)] is a one-point set for each x E E (hence f 1 (X u f ‘[El) is a homeo- 
morphism ) . 
roof. By Theorem 6.4 there is a subset E of Y* with cardinality 2’, such that pY 
is extremally disconnected at each point of E. We will show that 1 f ‘[{x}]l = 1 for 
each x E E; note that f ‘[(x}] is not empty. (Then f f (X u f ‘[ E]) is a homeomorph- 
ism: X is dense in /3X and f 1 X is a homeomorphism, hence f [pX\X] = pY\ Y, 
[7, p. 1281 or [13, G.111. It follows that f 1 (X u f ‘[El) is a one-to-one continuous 
map. This map is closed since f is closed and X uf ‘[El =f *[Xu E].) 
f is an irreducible (closed) map, i.e., if K is a proper closed subset of PX, then 
f [ K] is a proper (closed) subset of p Y. It follows that for each nonempty open U 
in PX the set 
f”(U)=PY\fCPX\Ul (={YEPYlf+HYH= UI) 
is a nonempty open subset of p Y. (Actually, this property of f # characterizes 
irreducible closed maps J) Now pick any x E E, and assume that there are two 
points, p1 and p2, in f ‘[{x}]. Let U, and L$. be disjoint neighborhoods of p1 and 
p2, respectively. Then f "( U,) and f”( U2) are disjoint nonempty subsets of p Y Let 
W be any neighborhood of x in PY Then f '[ W] intersects both U, and U2, 
therefore f”( f ‘[ W] n Ui) is a nonempty open subset of PY, which clearly is 
contained in both W and f”( Ui), for i = 1,2. Since W is arbitrary, it follows that 
x E Cl,,f’( Ui) for i = 1,2, hence PX is not extremally disconnected at X. This 
contradiction proves that f ‘[ {x}] has to be a singleton. •J 
We do not know if this theorem holds in ZFC. 
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nowhere locally compact spaces 
A space X is said to be nowhere locally compact if no point of X has a compact 
neighborhood. Clearly X is nowhere locally compact if bX\X is dense in bX for 
some compactification iff this holds for all compactifications. 
beorem (P(c)). Let X be a nowhere locally compact space with countable m-weight. 
(A) 1f X is not pseudocompact, then X* is extremally disconnected at 2’ points. 
(B) IfX is realcompact, then X” contains a dense extremally disconnected subspace 
with cardinality 2’. 
roof. If p belongs to a dense subspace S of a space T, S is extremally disconnected 
at p if T is, as one easily verifies. (The converse need not be true.) Thus the theorem 
easily follows from Theorem 6.4. (Observe that a space E is extremally disconnected 
ifi E is extremally disconnected at each point.) 0 
What follows is a corollary to this theorem. 
7.2. Example (P(c)>. There is an extremally disconnected space which has a con- 
nected compactification. 
Proof. Let S be a connected nowhere locally compact separable metrizable space, 
e.g. RN. Then S* contains a dense extremally disconnected subspace E. Since S* is 
dense in PS, @5’ is a compactification ofE. Since S is connected, PS is connected. Cl 
In Example 9.4 we will see that there is a nonpseudocompact nowhere locally 
compact extremally disconnected space (with countable m-weight) every compac- 
tification of which is zero-dimensional. This suggests the following problem. 
7.3. Let E be a nowhere locally compact realcompact space E. Must E 
have a connkted compactification? 
The following lemma seems to be new. It will also be used in Section 9. 
7. Let bx’ be a corn& vtijkatior- of a nowhere locally compact space X. If 
bX\X is exkemally disconnected, then 6, = /3X. 
roof. It suffices to prove that any two disjoint zero sets of X have disjoint closures 
in bX, [13,6.5]. Let 2, and Z2 be disjoint zero sets in X. Then 2, and & have open 
neighborhoods U, and U2 in X such that Cl&, n&U2 = 8. Let V, and Vz be 
open subsets of bX such that Ui = X n Vi for i = 1,2. Then trivially ( 1) Cl* (X n V,) 
and Clx (X n VJ are disjoint. Since X is dense in 6X, V, and V2 are disjoint, 
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therefore (2) Cl b&(bX\X) * VI) and Cl b&( bX\X) n Vz) are disjoint, because 
bX\X is extremally disconnected. Now both X and bX\X are dense in 6X, therefore 
Clb,&=(XnClbx(Xn K))u((bX\X)nCl&(bX\X)n v)) 
=Clx(Xn v)uCl 6&(bX\X) * VI:), i = 1,~ 
It follows from (1) and (2) that ClbxV, and Cl&$ are disjoint. Consequently Clbx 2, 
and ClbxZ2 are disjoint. Cl 
7.5. osition (P(c)). Let X be a nowhere locally compact realcompact space with 
countable v-weight. Then each compactijication of X* is the tech-Stone eompac- 
tijkation of some space Y with 1 Y”I = 2’. 
roof. Theorem 7.1(B) and Lemma 7.4. 0 
Frolik has shown in ZFC that X* is not homogeneous if X is not pseudocompact, 
see [ 11,121. However, it seems that there are, even for spaces like N, Q and R, no 
“topological” reasons known why X” is not homogeneous. As is well known, N* 
is not homogeneous under P(c) because it contains both P-points and non-P-points, 
and the same is true for R*. There are models of set theory in which N* is not 
homogeneous for another reason: There are always points of N* which do not have 
a local base with cardinality less than c, see [23] or [M, Theorem 2.81. But Kunen 
[ 171 has announced that it is r:onsistent hat some point of N* has a neighborhood 
base with cardinality less thati c. (This cannot happen under P(c).) We now show 
that P(c) can also be used to find a topological reason that Q* is not homogeneous. 
Of course, the problem to find such reasons in ZFC remains open. 
7.6. (P(c)). Let X be a nowhere locally compact space with countable ar-weight 
which is not pseudocompact and which is not extremally disconnected at any point. 
Then X” is not homogeneous because it is extremally disconnected at some points, but 
not at all points. 
roof. Because of Theorem 7.1(A), it suffices to show that X* is not extremally 
disconnected at all points. Let f: PX + [0, l] be a continuous function such that 
f(p) = 0 for some point p r; X* and f(x) > 0 for each x E X. Usingf we can construct 
a discrete unbounded subset D = (a, 1 n E N} in X and a pairwise disjoint collection 
{ Un 1 n E N) of open subsets of X such that a,, E U,, for n E N. Since X is not extremallv 
disconnected at any point, there are for each n E N disjoint open subsets V,,n anh 
V2,” of Un such that a, E Cl&, for i = 1,2. Let V = l._J{ V,n 1 n E f+J}; then DC CW 
for i = 1,2. Since D is unbounded, there is a point q E X* n ClfixD. 
VI and Vz are disjoint open subsets of X, hence Vl, and Vi are disjoint open 
subsets of X*. Since X* is dense in /3X, Vi = X* n Ex( Vi) is a dense subset of 
Ex( VJ, hence 
Cl,& = Cl,, lzx( V/i) = Cl,& 1 Cl,xD 3 {q}, 
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so 
qECIX* Vf=X*nClsx Vi, 
for i = 1,2. This proves that X* is not extremally disconnected at q. 0 
Our construction of pathological points in X* heavily leans on the fact that P(c) 
implies 
any intersection of at most c dense open subsets in X* is dense 
in X’ (*) 
for N-like spaces with countable r-weight. This is no longer true for separable h-like 
spaces. Indeed, there is a separable N-like space M such that an intersection of c 
dense open subsets of M* can be empty under P( WJ (in fact under c = 2”1). Moreover, 
hf* has a &point (if and) only if CW holds; see Example 8.1. Thus although N-like 
spaces with countable T-weight are small enough for P(c), separable N-like spaces 
are too big. (We do not know whether /3M has remote points under P(c) or MA, 
but clearly our construction does not work.) However, separable N-like ppaces are 
small enough for CH, as we will see. 
Under CH, (*) presents no problem because of Theorem 3.6(B), so it remains to 
check the remaining part of the construction. The condition: 
There is a collection 9 of at most c nowhere dense subsets of X 
such that each nowhere dense subset of X is contained in a member 
of 9 (**) 
was es*ential for the construction of remote points. (**) seems rather unmanageable, 
we will consider a stronger condition which seems more manageable. 
.I. nition. A family 2? of open subsets of a space X is said to be a l&base for 
X if for each open subset U of X there is a BE 98 such that B is a dense subset 
of U. The n-weight of a space X, 47(X), is the smallest cardinal of a n-base for X. 
e show how to estimate IT(X), we show that the condition n(X) s c is 
strong enough to perform our construction under CH. The following theorem is a 
counterpart to Theorem 6.4. 
(CH). If X is an N-like space with l7(X) = c, then each nonempty open 
contains 2’ remote points of /3X at which PX is extremally disconnected 
P-points of X*. 
s n(X) = c, X satisfies (**). Using Theorem 3.6(B), we can repeat he 
proof of eorems 5.1 and 6.4 once we show that w(j3X)sc. 
E.K. van Douwen / Pathological points in /3X\X 25 
Let @ be a n-base for X with cardinality c. % = { U c /3X 1 U = Int,,ClpyU} is 
a base for PX since PX is regular. If U E %, then there is a B E 9 such that B is 
a dense subset of X n U. One readily verifies that U = Int,,Clp, B. Hence w@X) < 
c. cl 
We do not know if n(S) = n( T) whenever S is a dense subspace of T, so we do 
not know if the counterparts of (A), (B) and (C) of Theorem 6.4 hold true. However, 
we can infer an interesting theorem from [ 10, Theorem 2.31. 
2. (CM). Let X be a space with n(X) = C. Then PX has a remote point 
if and only if X is not pseudocompact. 
roof. Fine and Gillman have shown in ZFC that if X is a space satisfying: 
(a) I(z E X 1 x is isolated}1 is a nonmeasurable cardinal, 
(b) there is a collection @ consisting of o1 dense open subsets uch that each 
dense open subset of X contains a member of %, 
then X is not pseudocompact if and only if PX has a remote point, [ 10, Theorem 
2.11. 
If n(X) -c, then CH implies that X satisfies (b). Moreover, w(X)sc, as we 
saw in the proof of Theorem 8.1, therefore 1x1 s 2’, hence X satisfies (a), too. The 
theorem follows. Cl 
mark. CH is essential for the proofs of both the necessity and the sufficiency. 
We do not know if X must be nonpseudocompact under P(c) if X is a space with 
countable m-weight such that PX has a remote point. (The best we know is that X 
must be nonpseudocompact in ZFC if X is a normal space which is the product of 
two infinite spaces, such that PX has a remote point.) 
The following proposition allows .a quick estimate of n(X). The easy proof is 
omitted. 
sition. 2c’x )s D(X) s 77(x)c’x’. 
8.6. Corollary. l?(X) Q 2d(X). 
w(X) s w(X) s 2’(,y), see [16]. Cl 
y Proposition 8.5, 11(X) 3 c for each infinite space, hence n(X) = c if X is an 
infinite separable space. (A space X satisfying n(X) = c need not be separable. 
However, we do not know a “genuine” example which is N-like. If F = 
{XC (0, I)‘l% = 0 for all but finitely many i}, then d(F) = w(F) = c, c(X) = oo, hence 
I?(F) = c. However, F is not locally compact. If 6 = N x S, where S is a Souslin 
continuum, then G is a nonseparable N-like space with c(G) = oo, w( 6) = ol, hence 
J?(G) = c. Under 29 = c, the discrete space D with cardinality o1 is another example 
of a nonseparable N-like space with n(D) = c.) 
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The condition IC<X>l = c is very useful in the study of tech-stone remainders 
of N-like spaces under CH, see [5]. We do not know if in Theorems 8.2 and 8.3 the 
condition n(S) = c can be weakened to IC(X)l = c. (n(X) = c implies T(X) d c and 
2 c(x)s c, hence ?r(X)c’x’ = c, for infinite X. But IC(X)] < T(X)‘(~) for any infinite 
X, [4, Theorem 2.41. But there are many spaces X with 1 C(X)1 = c which do not 
satisfy (*), see Example 9.6; for such an X the proofs of Theorems 8.2 and 8.3 do 
not work.) 
9. Examples 
9.1. Example. There is a zero-dimensional noncompact a-compact locally compact 
separable space A4 satisfying: 
(0) M* is a zero-dimensional compact F-space without isolated points in which 
nonempty Gs have nonempty interior. 
(1) CH implies that M* and N* are homeomorphic. 
(2) P( 02) implies that M* and N* are not homeomorphic. 
(3) M* has no P&-points. 
(4) If N* has P-points, so has M*. 
(5) CH implies that M* is not the union of c nowhere dense sets. 
(6) M* is the union of a collection of 2”1 pairwise disjoint nowhere dense subsets, 
each of which is the intersection of al clopen subsets of M”. (Contrast with (5) if 
c = 2”1, in particular if P( w,) holds.) 
(7) There is a collection of w, clopen subsets of M which has the finite intersection 
property, such that there is no open U in M satisfying U n A # fl and U\A is 
bounded for each A E a?. 
roof. First we note that (1) through (7) are not independent, and that the conditions 
on M immediately imply (0), (l), (4) and (5); see Corollary 3.2 and Remarks 4.6, 
Corollary 4.5, [25,4.5] or [ 13,9M.3] and Theorem 3.6, respectively. Moreover, (7) 
implies (2), by Theorem 3.4, and (3). For the proof of (6) we use an elementary 
special case of Lemma 2.2: If U is a clopen subset of any space X, then U’ # fl iff 
U is unbounded, since U’ = X* n Clpx U. 
Let K be the generalized Cantor discontinuum (0, 1)’ (or (0, l}“~). Let 
X={?r~[{i}](a,Ew,, i=O or i= 1). 
Then x is a collection of wl clopen subsets of K, and each intersection of an infinite 
subcollection of X has empty interior. 
M = N x K is the space we are looking for. M is obviously a zero-dimensional 
noncompact u-compact locally compact space. M is separable because the product 
of at most c separable spaces is separable, [7, p. 77, Theorem 71. 
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We prove (6). If U is a clopen subset of any space X, then (Ex( U), Ex(X\ U)} 
covers X”. Hence for each p E M* the collection X, = { U E .7i$ E (IQ x U)‘} contains 
either $J{O}] or rrl[{l}] for each cy E wl. It follows that each 3& is uncountable, 
that rYp 1 p E M*} has cardinality 29, and that 
is a cover of M*. AZ has cardinality 2”1, and clearly JY consists of pairwise disjoint 
intersections of w1 clopen subsets of M *. Let p E M* be arbitrary. We claim that 
Intx*n{(N x U)‘l U E 3&} = fl. For assume otherwise. Then there is a clopen W in 
pXsuchthat$iM*n Wc(NxU)‘forall U&‘&.IfV=Mn W,thenEx(V)= W 
since W is clopen. Fix U E .7&. Since N x U is clopen, ( V\(N x U))’ = V’\(N x U)’ = 
8. Since V\(Nx U) is clopen, V\(NX U) must be bounded. But V is unbounded 
since Cl,,V = W intersects X*. 
Since V is an unbounded open subset of M such that V\(N x U) is bounded for 
each U E X,, there is for each U E X, an integer i( U) such that 8’ f Vn 
({i(U)} x K) c {i( U)) x U. There is an integer i such that the collection 99 = 
( U E Xp 1 i( U) = i} is infinite, because X, is uncountable. But then r)% has nonempty 
interior in K since 1p( # V n ({i} x K ) c {i} x nB which is impossible. This completes 
the proof of (6). 
(7) follows from (6) by Lemma 3.1. Alternatively, the preceding paragraph shows 
that the collection 
has all properties required. 0 
emarks. (a) PM has remote points and M” has c-points under CH. We do 
not know what happens under MA or P(c). 
(b) For each space X, (X), denotes the space with the same underlying set as 
X, for which the Gs-subsets of X are a base. It follows from [S, Corollary 3.31, that 
(X”), and @I*),, are homeomorphic under CH if X is an N-like space with 
IC(X)l = c. Hence (M”), and (IN”), are homeomorphic under CH. However, (M”), 
and (IN”), are not homeomorphic under P(wz): Corollary 3.2(b) evidently implies: 
If X is an N-like space, and if A c X*, then Int,* A # 8’ iff 
Intfx*), A # 8’. (*) 
So (M*), contains nonempty intersections of wl open subsets which have empty 
interior in (M”),. A nonempty intersection of 0, open subsets of (N*), is a nonempty 
intersection of wl open subsets of N*, hence such an intersection has nonempty 
interior in (N*), under P(w*), by (*) and Theorem 3.4. 
We do not know if (X*), and (N*), are homeomorphic under P(c) if X is an 
N-like space with countable n-weight. It is also not clear if the definition of (X), 
is “good” in absence of CH. Perhaps one should define (X), to be the space with 
the same underlying set as X, for which the G,,-subsets of X form a base. 
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(c) Let W be the space o1 + 1. Then Wr = {( cy, w,] 1 a E o1} is an uncountable 
collection of clopen subsets of W such that n?V f fi and such that each i 
of uncountably many members of W has empty interior. In the same way 
(b) of Example 9.1 we can show that (IV x W)” contains a nonempty 
with empty interior. Therefore (N x W)” and N* are not homeomorphic 
although they are homeomorphic under CH, see Remark 4.6(d). 
(d) Let W be as under (c). The four spaces M*, (MON)*, (N x 
homeomorphic under CH. (0 denotes topological sum.) However, no two of these 
spaces are homeomorphic under P(o*). It suffices to prove this for the first three 
spaces: Under P(& M* does not contain a clopen copy of N*, (M@N)* contains 
clopen copies of both M* and N*, and each nonempty open subset of (f+Jx W)* 
contains a clopen (in (fV x W)“) copy of N*. 
(e) Let us say that a space X has property x if each nonempty clopen subset of 
X is homeomorphic to X. It is of interest to observe that M* and N* have property 
X, in ZFC, but that (MON)” and @J x W)* do not have X under P(o,), although 
they have x under CH. 
The following example answers Comfort and Negrepontis’ question, whether an 
N-like space X with ]C(X)] = c must be a-compact, [5, p. 571, in the negative. 
9.3. Example. There exists a nonnormal N-like space S with countable v-weight, 
which does not admit an open collection B such that an open subset of S is 
unbounded iff it intersects infinitely many members of 3. 
roof. The underlying set of S is R. For each irrational p E IF4 we choose a sequence 
(p,), of rationals which converge to p, and we let U,(p) = {p} u { pn 1 n a k}. Then 
{ Uk ( p) 1 k E N, p irrational} u {{ p) 1 p rational) 
is a base for our space S. This is the so-called “rational sequence topology” [28, p 871. 
Clearly S is a hereditarily locally compact space for which {{p} Ip is rational} is 
a m-base. So S is separable, but S contains a discrete closed sub .pace with cardinality 
c, namely the irrationals, hence S is not normal, cf. [7, p. 68, Example 21. Since the 
identity from S to R is continuous, S is hereditarily realcompact [ 13,8.18]. 
Let 5B be any collection of open subsets of S such that no bounded open subset 
U intersects infinitely many members of 3. Since S has a countable w-base consisting 
of bounded open sets, B must be countable or finite. For each irrational p the 
family B(p) = {B E ~3 IB n U,(p) # 0) must be finite. Hence there is a (possibly 
empty) finite subcollection 9 of % such that A = { p E S I p irrational, a(p) = 9) is 
infinite. Then A is unbounded, so U{ U,(p) Ip E A} is an unbounded open subset 
of S which does not intersect infinitely many members of B. 
We do not know if S* is an F-space, and we did not check if S* is zero- 
dimensional. Cl 
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9. e. There is a nowhere locally compact space A no compactification of 
which is connected. In fact, each compactification of A is zero-dimensional. 
Let E be a countable extremally disconnected space which has no isolated 
points. Then A = E* is a nowhere locally compact extremally disconnected space 
such that A* = E. Let bA be any compactification of A. Since 1 bA\AI G IA*1 = IEI = 
wo, bA\A is zero-dimensional, hence so is p( bA\A). Now bA is a compactification 
of bA\A since A is nowhere locally compact, hence /3( bA\A) = bA by Lemma 7.4. 
Consequently bA is not connected. 
A is pseudocompact, see Appendix A. Cl 
le (Cl-l). There is a space B such that PB has no remote points, but no 
point of B* is in the closure of a discrete subset of B. 
roof. Kunen has announced that CH implies that there is a countable subspace 
K of N” which has no isolated points, such that no point of K is in the closure of 
a countable discrete subset of N*, [17]. Each subset of K is C*-embedded in N*, 
cf. Remark 4.6(f). Therefore PK = CIN*K and each subspace of K is C*-embedded 
in K, so K is extremally disconnected, [ 13, 6M.21. Let B = K * ( =CIN*K \ K); then 
B* = K, and no point of B* is in the closure of d countable discrete subset of B, 
see Appendix A. However, no point of PB is a remote point, by Theorem 8.2., since 
B is pseudocompact and n(B) = c, see Appendix A. Cl 
xample. There is an N-like space T such that Ic( T)I = c, which does not admit 
a collection 9 of at most c nowhere dense subsets such that each nowhere dense 
subset of T is contained in a member of 9’. 
roof. Let T be any LindelGf N-like space with w(T) = c without isolate? points 
which contains a pairwise disjoint collection {Up I a E c} of open sets. (For example, 
T = N x K, where K is any of the compact spaces N*, I%*, the lexicographically 
ordered unit square.) Then I c( T)J = c by Proposition 9.7 below. If {F, I a E c} is a 
collection of nowhere dense subsets of T, then we can find by a simple diagonalization 
argument a nowhere dense subset A of T which is not contained in any F,: Since 
T has no isolated points, we can pick an a, E Ua\ F, for each ay. Then {a, I a E c} 
is our set A. Cl 
reposition. If X is a nonempty LindelGf space with w(X) = c, then IC(X)l = c. 
roof. If Y is any space with w( Y) < 2”, where K is some infinite cardinal, then Y 
can be embedded in a space D such that D\ Y is a discrete open subspace of D 
with cardinality K, [8, Theorem 11. (Recall that “space” means completely regular 
T,-space in this paper.) Hence X can be embedded as a closed subspace of a space 
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mu-h that W\X is a countable dense subset of W Then W is Lindeliif, so W is 
a separable normal space. Therefore IC( W)l = c and X is C-embedded in 
follows that IC(X)l= c. Cl 
More general estimates for Ic(X)l can be found in [4]. 
Ap~ndix A: Countable extremally isconnected spaces wit 
Throughout this Appendix, E is a countable extremally disconnected space 
without isolated points. (Such spaces exist, a very pathological example is given in 
[6].) Both w(E) = w. and n(E) = c are possible. 
A.1. E is nowhere locally compact, hence E* is dense in PE. Therefore c(E*) = 
c(PE) = c(E), and w(E*) = w(j3E) = r(E). It follows from Proposition 8.2 that 
H(E*)=c. 
A.2. /3E is extremally diozonnected, hence PT = PE for each dense subspace T of 
PE, [ I3,6M]. In particular, BE* = j3E. Therefore, E”’ = E. 
A.3. Since PE is extremally disconnected, each countable subspace is C’- 
embedded, [13, 9H.11. In particular, if D is a countable discrete subspace of E*, 
then D is C*-embedded in PE, hence Cl,, D = pD; since I~D\D~ = IPN\N~ > wo, 
it follows that D cannot be closed in E*. Consequently E* is countably compact 
[7, p. 147, Theorem 61. 
. Since E* is countably compact, it is pseudocompact, [13, 1.4). 
AS. Since LQE*) = c and E* is pseudocompact, CH implies that PE” has no remote 
points. 
A.6 We do not know if E* can be normal. Also, we do not know if E” must be 
separable. (E* is separable if E has countable m-weight, by A-l), and we do not 
know if A.5 can be proved in ZFC. 
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Notes by the editor 
This paper was completed on November 5, 1974. In my opinion it is still worth 
publishing for two reasons. First, it is an excellent introduction to /3X, and second, 
most of the themes that came up later in the work of van Douwen about tech-Stone 
compactifications are present in it. 
The question whether there are P-points in N* ZFC was answered in the negative 
by Shelah [43]. Relevant to this question is also the paper by Kunen [39]. Also, 
[39] is relevant to the question of the homogeneity of X*, discussed elsewhere in 
the present paper. 
Szymaiiski [42] proved that under MA there are P-points in N” that are not 
&points. 
Szymaiiski [41] showed that all points in N* are o-points. Later it was shown by 
Balcar and VojtaS [30] that all points in N* are even c-points. 
The normality condition in Lemma 2.1(F) is superfluous, see van Douwen [33]. 
It seems that the question whether each normal N-like space X with IC(X)l = c 
is a-compact is still open. 
I do not have information about the question posed in Remark 3.5(a). 
32 E.K. van Douwen / Pathological points in flx\X 
A characterization of N* under MA does not exist yet. It seems doubtful whether 
such characterization exists since ParoviEenko’s characterization of R-J* was shown 
to be equivalent to CH in [3S]. 
Comfort, Hindman and Negepontis [32] proved that weakly LindelSf subspaces 
of F-spaces are C*-embedded. In particular, it follows that each compact F-space 
has the property that all F,-subspaces are C*-embedded. 
All results in Section 6 concerning on remote points are true in ZFC, see [33,313. 
Let us also notice that there exist nonpseudocompact spaces without remote points 
1361. 
Problem 7.3 was answered in the negative by Emeryk and Kulpa [36]: They 
showed that the Sorgenfrey line S has no connected compactification. 
In [33] it was shown in ZFC that Q” is extremally disconnected at some but not 
at all points. So there are topological reasons in ZFC that Q* is not homogeneous. 
Dow [37] showed, among others, that j3M has remote points in ZFC. 
I have no information on the question whether n(S) = n(T) whenever S is a 
dense subspace of T. I doubt whether this is of interest now. In his published papers 
van Douwen never explicitly defined the cardinal function fi 
1[ do not know whether X must be nonpseudocompact if X is a space with 
countable T-weight such that /3X has a remote point. 
Let X be the Stone space of the reduced measure algebra. Then Y = N x X is a 
nonseparable N-like space with 17( Y) = c. Of course van Douwen knew this at a 
later stage of his career. 
Kunen, van Mill and Mills [40] proved that CH iff every nonpseudocompact 
space X with IC( X)1 = c has a remote point. 
As remarked earlier, PM has remote points in ZFC, Dow [37]. 
I have no information on the question whether (X”), and (N”), are homeomor- 
phic under P(c) if X is an N-like space with countable r-weight. 
It is not known whether S* is an E-space. 
As far as I know, an example of a countable extremally disconnected space E 
without isolatect points such that E* is normal has not been constructed yet. But it 
is known that under CH, no such E can exist. This follows from Woods [La41 who 
proved that if CH is assumed, and if X is a normal countably compact F-space for 
which IC*( X)1 = c, then X is compact. It is not known what can happen if CH fails. 
(Let E be a countable extremally disconnected space without isolated points. Then 
E” is dense in BE as E is nowhere locally compact. Hence E* is extremally 
disconnected (and in particular, an F-space). As E is countable, ICKY = c and 
hence IC*( E*)] = c, as E* is C*-embedded in /3E (as it is dense in PE and PE is 
extremally diconnected). Evidently (E*)* = E, so E* must be pseudocompact as E 
is countable (see [ 13,9D(3)] for example). Thus if E* were normal, it would be 
countably compact and hence, by the result quoted above, compact under the 
assumption of CH. Hence as E is nonempty, E* cannot be normal.) However, 
there are countable extremally disconnected spaces E such that E* is nonseparable: 
see [34]. 
E.K. van Douwen / Pathological points irt pX\X 33 
I have no information on the question whether A.5 can be proved in ZFC. 
The paper “A pathological topological space” [6] in the list of references was 
never written. 
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